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INTRODUCTION

The solution of the pattern recognition problem in
its statistical formulation [1-3] requires that over a
certain space V of patterns there should be given a
distribution p(v/k) of patterns subject to the condition
that they belong to the k-th image; in addition one
needs to know the a priori probabilities of the images
pk (k =1,2, ...s, where s is the number of images).
On the basis of these data it is possible to construct a
decision function h(v) indicating that the pattern v is to
be assigned to the image h. It is possible to find a de~
cision function such that the probability of erroneous
classification is minimized.

Learning and self-organization in recognition sys-
tems takes place under the condition that the distribu-
tion p(v/k) is not known completely but only correct to
an unknown parameter ai. In such a case the problem
of learning or self-organization consists in determin-
ing these parameters. The unknown parameters are
determined on the basis of a so-called learning
sequence, i.e., a certain set of paiterns presenied to
the recognition system. During learning the presenta-
tion of each pattern is accompanied by an indication
of which image itbelongsto. Apatternisnotassigned
to an image during self-organization. This is the dif~-
ference between learning and self-organization in
pattern recognition.

FORMULATION OF THE PROBLEM

Let us introduce the following notation. The family
of unknown parameters will be denoted by A:

A={a,a, ...,a; P, Py -+- P} (1)
Among the unknown parameters we also include the a
priori probabilities of the images.

The distribution of patterns belonging to the k-th
image will be denoted by p(v/ag). The distribution of
patterns belonging to the whole family of images will
be denoted by P(v). The following equation is obvious:

P =Y ppplay). (2)

k=1

It can be seen from (2) that the distribution of patterns
belonging to the whole family of images is generally
speaking dependent on the family of unknown param-
eters A. For this reason this distribution will be de-
noted by P(v/A):

Pw/d)= z p, P (v/a,). (3)
=

We shall denote by Vy the sample of patterns be~
longing to the k-th image, and by V the sample of pat-
terns belonging to the whole family of images. Then it
is clear that the learning sequence presented to the
recognition system in a learning mode is the family
of samples Vi (k=1,2,...,s), while in a self-
organizing mode the recognition system is presented
with the sample V. The unknown parameters must be
determined on the basis of this initial material. Since
the initial data is stochastic in character it is not pos-
sible to determine the unknown parameters exactly,
but only to find estimates for them.

The maximum likelihood estimates are in a certain
sense optimal. As is shown in[4], maximum likelihood
estimates are effective if for the given parameterthere
is an effective estimate. In addition, with an increas-
ing sample size the maximum likelihood estimate
always approaches an effective one. In view of this we
can formulate the problem of learning and self-
organization as follows.

The learning problem. The distribution of patterns
belonging to the k-th image is known correct to an un-
known parameter ay, i.e., a function of two variables
p(v/ay) is given. A sample Vi of patterns vy, vp, .

.., Vi belonging to the k-th image is given. A maxi-
mum likelihood estimate is to be obtained for the un-
known parameter ai. It is known [4] that this estimate
is the value of g which maximizes the expression

ap) = Z log p (v, /a,). (4)

i=1

Estimates for the a priori probabilites of images
can be obtained only when the patterns of various
images have been sampled at random according to the
a priori probabilities of images. In this case the esti-
mates for the a priori probabilities are determined by
quantities which are proportional to the sample size
Vi

The self-organizationproblem. A sample V of patterns
Vi, Vg, ..., Vpy from the totality of images is given.
A maximum likelihood estimate is to be obtained for
the unknown parameters ay, as, a3, ..., ag and for
the a priori probabilities py, p2, P3s ... Pgs 1.4,
we seek the maximum of the expression

LA = i log P (v:/ 4).
=l

Substituting into this expressionfor P(v/A)the right-
hand side of (3), we obtain

LAy=Y10gy p,-plv./a). (5)
=1

k=1
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AN ALGORITHM FORSOLVING THE SELF-CRGANIZA-
TION PROBLEM

It is easy to understand that the problem of finding
the maximum of the expression (4) is not essentially
different from the problem of maximizing the expres-
sion

m

Zaik log p(vi/ay). (6)

i=1

The learning problem is reducedtofindingthe maxi-
mum of (6) when each presentation of a pattern in the
learning sequence is accompanied not by an accurate
indication of the image to which the pattern belongs,
but by a probability aj that the i~th pattern belongs
to the k-th image. The estimates for the a priori

probabilities are in this case determined by quantities
m

proportional to X G
fo=

We assume th&llt an algorithm is knownfor the learn-
ing process, i.e., that there is an algorithm for find-
ing the value of the parameter ai at which expression
(6) is maximized. In that case we can also formulate
an algorithm for self-organization, i.e., an algorithm
for finding the values of all unknown parameters and a
priori probabilities maximizing expression (5).

The initial data for the algorithm are the presented
patterns vy, vz, V3, ..., V¥, belonging to the whole
family of images.

The algorithm is aniterative procedure which, from
the parameters

W _ 8 0 G RGINO) U]
A ={a,, Gy, e, 800 Py, P}

determines the new values of the parameters
p
G+Y __ o FD D
A ={a, L a ...

G40y, bl (e+L
., 4 {0

. 1
s T L P,

which have a greater likelihood than A1),

A single iteration of the algorithm, i.e., the deriva-
tion of the parameters A{t*) from the earlier param-
eters A(t), consists of two stages.

Stage 1. Calculation of the quantities o) (A(t)) (i=
=1,2,...,m;k=1,2, ..., s) according to the formula

(4. p (0. /ad)
e (AD) = ,_sgi__’i‘_{k_)__. (7)

¥ 0 -pw/af)
k=]

As can be seen from formula (7), the quantity
ik (A(t)) is the probability that the pattern vi belongs
to the k-th image, given that the family of images is
actually characterized by the parameters A®) “The
calculation of these parameters is the most time-
consuming part of the recognition system. Therefore
it can be stated that the first stage is a recognition
algorithm whose results are the a posteriori prob-
abilities ¢j), which are the initial data for the second
stage,

(JSrtslge 2. This consists in finding the quantities
ap V(k=1,23,..., s, maximizing the expression

[e2]
e}

m
Haw) = }_ G log p(vy/ag),

i=1!

and the values pi‘(ﬂ (k=1,2,. .., 8) which are propor-

tional to the quantities Zaik‘

It is easy to see thatl tlhe second stage solves the
learning problem in our formulation. The results of
this stage are the quantities af(tﬂ), p{;l k=1,2, ...

., 8), which will be used in the first stage of the
next iteration. The limiting values A are maximum
likelihood estimates for the unknown parameters A.

Thus, it is clear that the self-organizing algorithm
is a multiple repetition of two procedures, recognition
algorithm and learning algorithm.

BASIS OF THE ALGORITHM

Lemma 1. Let o3{(i = 1,2, ..., s) be positive con-

§

stants, and let x; be variables such that " x=c.
s =l
The maximum value of fzz a; logx; is reached when

the values of the x; are pré);ortional to the values of
the «;j.
The lemma can easily be proved for x = 2, and then
generalized for any s by mathematical induction.
Theorem 1. Let A(t), A0 be the values of the
unknown parameters obtained respectively after the
t-th and the {t + 1)~th iteration of the self-organization
algorithm. Then if A®) = A+ we have LA <
< LAty
S
Proof. Since Z @x =1 foralli (seeformula (1)),
k==
we can express L(A(t>) as follows:

LAy =Ylog ¥ pif -p (v,/0) =

fel =1

=Y Yo, (A% logp) +

s
B

-

=]

s m

+ 3 ¥ (4" log p (o/af’y —
heml fu=]

mos B g (o /i
- ) o (410 LLECLED )
=t k=1 Z pP-plosal)

=i
We can express L(A(t+ i/)) similarly:

L(A(H-D) = Z log Z pg+1) o (U,/a}f“H})’ =

=1 he=t

8 m

—%, $ st +
=1
s m .
Z Z ;. (A") log p (v /0Ty —
£ e

p<t+!) . Ui/a(H‘”
- Z Z 0, (A%) log _s._"_._.;p_g_.,__k__i .
i1 kel E pi+Y p (o, /aft+h)

k==l

We now prove three inequalities.
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§

m s m
Y You M iogp! < Y e (4% g™ (9)

k=l f=1 k=l i=1

s

2 Z S (A(t)) log p(v;/af M <

h=1 i=I
< VY aiu (A logp wisal ™y, (10)
k==l i=1
m (c) f)
Zzak(A(l))l p(v/a}!)
i1 he=l z pP-p(v,/al)
m s +1y ., £-}-1)
>22a1 (Am)log___”_(‘i_/fi_) an
- 2 p(t+l) p(v /GS:'H))

where at least one of thefirsttwoinqualities is strictly
satisfied.

Let us prove inequality (9).

By definition (stage 2 of the algorithm), p{{t 1 is

proport1onal to Z“th (4%) . Also, obviously S‘ pith=
feml k==1
= z p , since both of these sums areequaltol. Con-

sequently, the conditions of the lemma are satisfied,
and the expression

s

m
Z Y (A% log p, when p, = p{+D

k=i =]

reaches an absolute maximum, Hence the inequality
(9) is valid. Here equality will be obtained only when
(t) —pgﬂ) for any k, since in view of the lemma the
expressmn in question has a unique maximum.
Let us now prove inequality (10).
By definition (stage 2 of the algorithm), ag D en-
sures the maximum of the expression

Yo, (A% lgp/a),
fx==1

and therefore the inequality

m
Y, (4%) logp(wi/al’) <

=l

< \ i (A7) log p @y/al ). (12)
=1
is valid.
Summing expression (12) with respect to the sub-
script k, we obtain the inequality (10). Here equality
will be obtained only when )= ozgﬂ) for any k.
According to the conditions of the theorem, A
= At™1) | This means that at least one unknown param-
eter or one a priori probability has been changed as a
result of the (t + 1)-th iteration, and also that at least
one of the inequalities (9) and (10) is strictly satisfied.
Let us prove inequality (11).
We consider the expression
s

A @, (A(”)l M. (13)
)_ Pyp©;/a,)
k=1

k=1
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By definition (see (7)), when p| = pg) o = af{t) the
logarithmic expression is equal to the coefficient
ik (A( )). Consequently, according to Lemma 1, when
Pk = pf{t), ay = a expression (13) reaches its maxi-
mum, whence we immediately have

s

(t) (1)
&y (A(t)) log i(_./_a._)_. >
l P -ploa)
be==] k=1
> V LA g A PEET
(1) (1) )
}_\ P, plvja,

k=1

Summing this over the subscript i, we obtain inequality
(11).

From inequalities (9)—(11) it follows that L(A(t)) <
< L(A(t+1)), and the theorem is proved.
Corollary. The quantity L(A(t+1))

zero with increasing t.
Proof. From Theorem 1, L(A()) 1(A(t)) |
(A(t)) is a monotonically increasing sequence
It is bounded from above by the value of the actual
maximum of likelihood. As is known, such a sequence

L(A(t)) tends to

has a limit. The equation

lim[L (AT —

t»co

LA} =0 (14)

is a necessary condition for the existence of a limit
for L(A®t)). Therefore Eq. (14) is valid, which is what
we wanted to prove.

Theorem 1 and its corollary reflect an important
property of the algorithm. Nevertheless from these
we cannot immediately conclude that the algorithm
converges, i.e., that a limit exists for the values
directly computable by the algorithm.

In order to prove the convergence of the algorithm
the following theorem is useful.

Theorem 2. The quantity o k(A(t 1)) ~ o k(A(t))
tends to zero with increasing t.

Proof. We introduce the notation

(l) L(A(t+1)) (l))'

On the basis of expressions (7) and (8) we can write

W _ A® pg“”’ p/a )
A tk( )1 (t) T a0y
o -plv/a))
1)
Ol o, %@
— o, (A )log—————k(A(,)) .

=l k=l
In the course of proving Theorem 1 we have shown
that

(1) (t+>)

Py p(v,/a
22 0ty (A7) log =———C pip (l/ O

k=1 =1

Therefore

m s

. a. A(U
?}:O‘m A“’)log—%—)——<A‘”.
doan ‘ o

i=] k=l
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Since in the last expression, in view of the lemma, all
terms following the summation sign with respect to i
are nonnegative, for all { we have

$ (ty
o, (A")
@) ik )
0 éEo&ik(A )1°gm<é\ .
b1
From this, and also in view of the fact that Alt)
approaches zero, we can write

s

. %, (A7)
12132 &, (A" ]Ogm =
P ik
(=12 ..., m. (15)

Expression (15) is valid only when
lim (o, (AT — 0, (A =0 (=1,2,...,m;
oo

k=1,2,... 3),

s
(£
since 2 oy (A7) logey, paga unique maximum when
R =1

Y a,==1 and it is reached when
i
_ o
Xy = Qi A )

This proves the theorem.

We introduce some new concepts and notationwhich
will be used later.

The set m - s of numbers oy (i=1,2, ..., m; k =
=1,2, ..., s) will be denoted by & . The set of all
possible values of & will be denoted by Q. Some sub-
sets of Q will be deonted by {Ez’} . It is obvious that one
iteration of the algorithm can be regarded as a realiza-
tion of some function F(&’) mapping the set € into itgelf.

We shall say that the vector a (!) tends to the set
{a'}it

It is clear that if the set {5?} contains a unique point,
then the vector o (t) has a limit in the ordinary sense.
Lemma 2, If the vector @ () approaches the set

{a} consisting of a finite number of points, and the
quantity IJ(tH) — a.(t)] approaches zero, then the vec-
tor @ { approaches one of the points of the set {&'}.
Proof. Let us assume that the vector o \“ does not
approach any element of the set {5} In thir case with
very large T and very small £ there are two vectors
o &) and @1 (¢ > T) such that the distance between
them will be greater than 6§ — 2¢, where 0 is the dis~
tance between two neighboring elements of the set
{a’}. However, this contradicts the condition that the
distance between @ () and @ (") spproaches zero.
The lemma is proved.
We shall say that the set {a }t) approaches the set
{E} if any vector E(t) € {3}(0 approaches {5?}
The roots of the equation

& — F(@)] =0, (16)

where F(@') is a function realizable by ohe iteration of
the algorithm, will be called the stationary point of
the algorithm. As will be shown later, the roots of

f<p]
o

Eq. (16) are roots of a system of likelihood equations
representing the classical necessary conditions for the
maximum of the likelihood function.

Let us consider an equatipn differing in ifs right-
hand side from Eq. (16):

|G~ F @] = 2. an

To Eq. {(17) there corresponds a set {E}(t) of rools.
We agsume that Eq. (16) has a solution which iz stable
and not very different from the right-hand side, i.e.,
that the set {&’}(t} of roots of Eq. (17} approaches the
set {& } of roots of Eq. {16) if ') approaches zero.

It is obvious that each of the vectors Eub(i), 5(2), v

\ &)(t), .. isasolution of the corresponding equa~
tions 1o - F@ayl =), @, U .. where
glt approaches zero. In view of this it can be stated
that the vector o ® approaches the set of roots of
Eq. {16).

If we agsume that Eq. {18) has a finite number of
roots, then in view of Theorem 2 and Lemma 2 we can
say that the sequence of vectors AL OF
appraoches one of the roots of Eqg. (16).

The following theorem defines the properties of
the roots of Eq. (16).

Theorem 3. If a certain vector & is a stationary
point of the algorithm, then the quantities p;; and a{i,
determined at the second stage of a single iteration of
the algorithm, are roots of the system of equations

3L (A)

7 =0 (k=12 ...,9, (18)

oL (A) N b . It

o —h=0 {(=1,2....,5), {19}
Yo =1 (20)

A=l

Proof. We introduce the notation

5

L=V i a, logp,

Feal gl

m
{2 A 7 .
Ly =Y a,logpiy, ia);
=]

s

1P = N Ve, log PP/
Y poptw ay
R} et

Expression (8) above can be written in the form

$
Lty =LY+ 3 1f — 3 1P,
k=}

f=1

Sinqe L) ang Ll((z) are independent of g and Pk respec-
tively, we can write

BLUA)  w OLE e OLO
= Y 21
Oz, da, , da, SR
R} fe=l
LAy Y & a® v
3, ﬁm&pé - S ot (22)

F=al
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The conditions of the theorem are equivalent to the
following three conditions:
a) the value aﬁ maximizes the expression

2 e, logp(u, /a,);

f=i

b) the quant1ty pk is proportional to the values

Xak,where}_pk ;

i=1

c) the quantlty ik is equal to
PP /)
R = s ¢
Y Pepwia)
k=l
In view of condition (c) and Lemma 1 the quantity
L13 , when ai = alt, Pk = pﬁ, reaches an absgolute maxi-
mum. Therefore the following equations are valid:

oLy

aa =% (23)
oLy

“— = 0. 24
%, (24)

In view of condition (a) the quantity “k ensures the
maximum of the expressmn 149, 1t 112 is differantia-
ble the derivative BL(Z /da is equal to zero when

“k‘“k

LY

= 0. (25)

It is easy to see that the der1vat1ve oL 1)/Bpk is in-
dependent of k when pj = pk (and pk satisfies condition
(1)), i.e., it is equal to some constant A:

[43)
%‘;’ - (26)
&

On the basis of Eqs. (23) and (25) we ascertain that
expression (21) is equal to zero, and consequently
Eqg. (18) is valid.

In the same way Eq. (19) is a consequence of Egs.
(24) and (28).

Equation (20} is a direct consequece of condition
{b).

The theorem is proved.

As a consequence of this theorem it can be stated
that the algorithm described converges to that value of
o * which is a root of the system of equations (18)—
(20). Generally speaking, not all roots of the system
of equations correspond to the maximum of the func-
tion L(A). Certain roots correspond to minima or to
so-called false extrema of the function L{A)., However,
in view of the fact that in the operation of the algorithm
the estimates of the parameters can only be impoved,
the algorithm converges only to the point which corre-
sponds to the maximum of the function 1(A). This is
the main advantage of the proposed algorithm for
finding the estimates compared with the method based
on direct solution of the system of equations.
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Finally it should be noted that the algorithm is also
applicable when for each image several parameters
have to be determined. All of the assertions of the
paper, apart from Theorem 3, are valid regardless
of what ay stands for, whethera single unknown param-
eter or several parameters., As for Theorem 3, it can
easily be formulated and proved for the case of many
unknown parameters for a single image. For this pur-
pose it is necessary to consider the partial derivative
not with respect to the parameter g, but with respect
to all parameters occurring in g,. An experimental
test of the algorithm has been carried out for just such
a case, when the number of unknown parameters was
very large. A description of the experiments will be
contained in another paper. Here we merely mention
that the results of the experiments were positive.

OTHER SOLUTIONS OF THE LEARNING PROBLEM

The first paper which is known to us about the self-
organization problem is [6]. That paper, like [7], does
not use the words "self-organization" and "recogni-
tion." Nevertheless, the problems solved in those
papers are very close to ours. Expressing the con-
tents of these papers in our terms, we can say that
they consider the problem of finding the a priori prob-
abilities of images according to a sample of patterns
belonging to a whole family of images. The conditional
distributions of patterns belonging to one or another
class are assumed tobe known completely. The problem
of determining the a priori probabilities is solved for
certain specific cases of one-dimensional distributions.
In [6] it is stated that estimates for the a priori prob-
abilities can be found by maximum likelihood, but no
method is suggested for finding these estimates.

The paper [8] contains a rigorous formulation of
the self-organization problem. This paper indicates
that in a number of cases it is desirable to find esti-
mates for the maximum likelihood. When finding such
estimates requires a great deal of computation it is
suggested that the minimum chi-square method should
be used. According to this criterion the estimates are
found by the method of steepest descent.

The papers [9] and [10] are very similar in content
and solve the problem of self-organization for the case
when the image patterns have a normal distribution.

The papers [11-13] contain various solutions of the
self-organization problem, although their formulation
is essentially different from the problem solved in
this paper.

The concept of "self-organization" is often related
to Rosenblatt-type perceptron systems. It was Rosen-
blatt who first used this term in the papers [14-15],
although he did not present a rigorous formulation of
the problem and, as has been shown in [16], did not
solve the problem of self-organization.

The results of the present paper have been reported
at the seminars on pattern recognition and automatic
control theory of the Scientific Committee on Cyber-
netics AS USSR. The author is grateful to the partici-
pants of these seminars, whose friendly criticism
facilitated a more rigorous formulation of the theorems.
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