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USING GIBBS SAMPLING TO ESTIMATE THE SOLUTION
OF THE UNPAIRED LEARNING PROBLEM

The article describes unpaired learning using Monte Carlo Markov Chain on the example of a stereo vision problem. The descrip-
tion includes the inference of the algorithm, the application of the stochastic gradient method, and some implementation details.
Multiple penalty functions are considered, and quantitative results are presented. The results of the experiments expose new in-
sights into weights for graphical models for stereo vision problems.
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Introduction

In machine learning tasks, there are situations 
when it is difficult or impossible to obtain a trai-
ning sample consisting of pairs of observations and 
corresponding hidden states. An example of such 
a task is the style transfer: we can collect examples 
of drawings by Ivan Aivazovsky and Salvador Dali; 
however, it is difficult to redraw the paintings of 
one of these artists as if another one drew them. In 
such cases, it may be possible to state the problem 
as the task of unpaired learning, the input data of 
which are two sets: a set of observations and a set 
of hidden states, and the observations may not cor-
respond to the hidden states.

The first work devoted to unpaired learning is 
considered [1], where it is applied to image style 
transfer using random fields. One of the most cited 
works on this topic is [2], in which artificial neural 
networks are used.

This article, as well as the work [1], is dedicated 
to using the unpaired learning method to find pa-
rameters of a random field. The main differences 
are using of Gibbs sampling [3] to evaluate expec-
ted values and using binocular stereo vision prob-
lem for the experiments.

The structure of the current work is as follows: 
first, one of the possible tasks of unpaired learning 
is stated, then the proposed algorithm for its ap-
proximate solution is described, and then we pro-
vide the description and results of experiments.

Statement of the Problem of  
Unpaired Learning

This section provides basic definitions and one 
of the possible formulations of the problem of  
unpaired learning.

1. Random Field
We will call a grayscale image x that is h +�N  pi-

xels high and w +�N  pixels wide a mapping from a 
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set { }1,..., 1,...,{ }T h w= × of pixels into the set of co-
lors 0,..., 5{ }25C = . The notation ( ),x y j c=  means 
that the pixel located in row i and column j of im-
age x has color c C� . On the set of pixels, we de-
fine a non-empty neighborhood structure 2T� � ,
� � 2�� � = . Let tt� denote an unordered pair 
{ },t t G� ��  of neighboring objects and denote the set 
of all neighbors of an object t by { : }tN t tt� �= �� .

Let us define a finite non-empty set K of labels. 
The function k: T K�  will be called labeling. The 
fact that the labeling k maps an object t T�  to a la-
bel K��  will be denoted by tk = �.

We call an ordered pair ( ),t k T K� ×  a vertex, 
and we call an unordered pair of ( ){ ( , },  ),t k t k� �  
vertices, where {, ,   , }k K k K and t t� �� � �� and tt G�� 2T� �, an edge. 
Let us introduce the function :q C K× � R of ver-
tices� weights and the function 2:g K � R of edges� 
weights. Let k be a random field [4] with the distri-
bution

             1( ; ) exp ( , ) ,
( ) t t

t t

p k g g k k
G g �

���

� �� �= � � �
� �� �
�       (1)

where G(g) is the normalizing constant 

	  
Under known labeling k, the probability of im-

age x mapping a pixel t to a value xt equals

           
1( ; ) exp{ ( , )},

( ; )t t tp x k q q x k
Q k q

= �           (2)

where Q(k; q) is the normalizing constant

              ( ; ) exp ( , ) .
T

t t
t Tx C

Q k q q x k
��

� �= � �
� �

� �
If the colors of pixels are independently distribu

ted, given the known labeling, image x has the dis-
tribution

 ( ; ) 1 exp ( , ) .
( ; ) t t

t T

p x k q q x k
Q k q �

� �= � � �
� �
�

Then the pair (k, x) is a conditional random field 
[5] with the distribution

1( , ; , ) ( ; ) ( ; )
( , ; , )

exp ( , ) ( , ) ,t t t t
t T t t

p k x q g p x k q p k g
Z k x q g

q x k g k k �
�� ��

= � = �

� �� �� +� �
� �� �
� � (3)

where ( ) ( ) ( ), ; , ;Z k x q g G g Q k q= �  is the norma-
lizing constant.

2. Statement of the Problem of Estimating Pa-
rameters of Random Fields

Let us have a set of labelings 1( , , );nk k k= …  the 
weights q and g and the images corresponding to 
these labelings are unknown. We want to find the 
weights g by maximizing the log-likelihood func-
tion. Its partial derivatives with respect to ,( )g k k �
for all ,k K k K�� � , are [6]

  [ ]
11

ln ( ; )
( , )

( ; ) ,
T

n n
i i i

t t
i t ti

t t
t tk K

p k g k k
g

n p k g k k

�
�= ��=

�
����

� �� �= = � = �� ���

�� � � = � =

� ��

� �

� �
� �

� �  (4)

that is, the difference between the empirical 
amount of the edges connecting specific labels and 
the expected frequency of these edges multiplied by 
n. Note that the log-likelihood function for such a 
parameterization is concave [6], which allows find-
ing its maximum using convex optimization meth-
ods, and the existence of a gradient enables the 
use of gradient methods. The difficulty is that the 
computation of the expectation requires the sum-
mation of  | || |TK  small numbers. To overcome this 
obstacle, we apply Gibbs sampling, which will be 
discussed in the next subsection.

Now we want to estimate the weights q using the 
maximum likelihood method given the set of im-
ages 1 2( , , , ).nx x x x= …   To achieve this goal, we de-
cided to modify the EM algorithm of unsupervised 
learning [7]. Let us begin with the equality

 

11

( , ; , )ln ( ; )
( , ; , )

ln ( ; ) ln ( ; ) ln ( ; , ) ,
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i j i j

p x k q gp x q
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== � �

= �
�

� �� + �� �

� �� �
.

We use the g that was found with the help of em-
pirical material k   by maximizing the log-likelihood 
function. Therefore, the summand

 
1

( , ; , ) ln ( ; )
( , ; , )T T

i jn

i j
i k K k K
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p x k q g= � ��

�
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will stay constant. To increase the second term, it is 
enough to find such 1 jq +  that

1

1

1
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T T

T T
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if it exists. If it does not exist, the problem is solved. 
Shannon�s lemma implies [8]
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meaning that the third summand will not decrease 
after replacing qj with qj+1 within the logarithm. 
Hence, we have

                  1

1 1

ln ( ; ) ln ( ; ).
n n

i j i j

i i

p x q p x q +

= =

<� �
Therefore, one can perform step-by-step search 

for new qj+1, j +�N , and thus improve the value of 
the likelihood function. The value of q0 can be cho-
sen arbitrarily (for example, 0 0q � ).

Let us consider a partial case of the problem (5) 
as the maximization problem

    

1

: 1

( , ; , )arg max
( , ; , )

ln ( ; ).

T T

i jn
j

i j
f C K i k K k K

i

p x k q gq
p x k q g

p x k f

+

× � = � ��

� �
�

�

� � �R

 (6)

For convenience, let

      ( , ; , )( , ; , ) .
( , ; , )T

i j
i j

i j
k K

p x k q gp k x k q g
p x k q g

��

=
��

      (7)

We need a gradient of the expression that needs 
to be maximized in (6). The partial derivative of its 
i-th summand with respect to ,( )f c �  for each c C�  
and K��  is calculated by the formula

    

( ; , ) ln ( ; )
( , )

( ; , ) ( ),

T

T

i j i

k K

i j i

k K

p k x q g p x k f
f c

p k x q g u k
�

�

� � =
�

= �

�

�
�

        (8)

where

            

( ) [ ]
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i i
t t

t T
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c C

u k x c k T

p c k f c c k
�
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= = � = � �
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�
�

�
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Finding q and g using the maximum likelihood 
estimation is an intractable optimization problem 
in general case because it requires the summation 
of a vast number of small numbers. However, both 
functions are concave, which theoretically allows 
gradient optimization. In the next part of the work, 

stochastic gradient descent is described, which al-
lows us to partially overcome the described difficul-
ties and obtain acceptable results in practice.

Let us formulate the problem of unpaired learn-
ing of parameters of a random field in the context 
of this work. We have sets T of pixels, 2T� �  of 
neighbors, K of labels, and C of colors. We know 
that images x and corresponding labelings k have 
a statistical relationship, which is described by the 
formula (3), labelings have a distribution of the 
form (1), and the probability of an image to map 
a pixel to a specific color given the known labeling 
has the form (2). The input is a collection k  of la-
belings and a collection x  of images, which do not 
have to correspond to each other. We need to find 
estimates of parameters q and g.

Finding Estimates of Parameters of 
Random Fields
Calculating gradients of logarithms of probabil-
ity functions of random fields is an intractable 
problem because it requires the summation of too 
many small numbers. Therefore, we use a stochas-
tic gradient� random variable, expected value of 
which equals the actual value of the gradient. Since 
the gradients we are interested in are mathematical 
expectations of certain functions, the Monte Carlo 
method can be applied.

1. Stochastic Gradient Method
We will sketch the application of the stochastic 

gradient method to tasks described in the current 
work. Let values from a finite set U be given proba-
bilities p: [ ]0;  1U � , and suppose the gradient u of 
some concave continuous function, which we want 
to maximize, can be represented as an expectation

 	     ( ) ( ) ( , ),
s U

u s p s v s s
��

� �= ��                           (9)

where v is some known function. Let us apply the 
Monte Carlo method to calculate the estimate ( )u s�   
of the gradient u at the point s U� : we generate m 
independent values 1( , , )ms s s= …  with the distri-
bution p and calculate their average value

                        
1

( , )( ) .
jm

j

v s su s
m=

= ��

We apply this estimate as in the usual gradient 
method: given such a sequence ia +�R , i +�N   that
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we choose an arbitrary 0s U�  and compute [9]

                     1 1( )i i j is s a u s� �= + � � 	           (10)
for any step i +�N . Choosing the number of steps is 
out of the scope of this paper.

2. Gibbs Sampling
We need to generate values from a known dis-

tribution to estimate the gradient. In our case, this 
task is difficult because images can consist of thou-
sands, millions, or hundreds of millions of pixels. 
To overcome this problem, we use Gibbs sampling 
[3]. Let us consider its application in the example 
of labeling sampling with known distribution (1) 

1( ; ) exp ( , ) ,
( ) t t

t t

p k g g k k
G g �

���

� �� �= � � �
� �� �
�  for a known 

mapping g. Let us choose an arbitrary labeling 
:k T K�  and an arbitrary pixel t T� . Hence the 

labels in all neighboring pixels are known, it is pos-
sible to calculate the distribution of a label:

 

Sample a label from this distribution and write 
the value to kt. The procedure of calculating the 
distribution, generating the label, and modifying 
the labeling should be performed for each pixel 
t T� . We will call this sequence of actions the itera-
tion of Gibbs sampling. One needs to use the labe-
ling k obtained after the previous iteration at each 
iteration.

3. Application of Stochastic Gradient Method
To find g, we need to generate random labelings 

with known probabilities p(k; gj), 0 ,j �N , where gj 

is the value of parameter g at step j of the stochastic 
gradient method, to evaluate the partial derivatives 
(4).

To solve problem (6) we need to evaluate par-
tial derivatives (8) for a known collection ,x   known 
mapping g (which is the solution to the problem 

(5)), and known mapping q. This requires sampling 
of random labelings with probabilities ;( | ),i jp k x q g

;( | ),i jp k x q g . In this paper, we consider the case 1( ),x x=  that 
is, recognition of a single image x1 given a collec-
tion .k   Only f  varies when we solve the problem 
(6). Hence, if there is only one image x1, the mul-
tiplier 1( , , , )

T

j

k K

p x k q g
��

��  can be carried out from 

within the argmax because it does not depend on f 
and it does not affect the result. Now, to find 1, jq +

0 ,j �N  it is enough to solve the problem 1 1

:
max ( , ; , ) ln ( ; )

T

j

f C K
k K

q k x q g p x k f+

× �
�

� ��
R

1 1 1

:
max ( , ; , ) ln ( ; )

T

j j

f C K
k K

q p k x q g p x k f+

× �
�

� ��
R

 approxi-

mately using the stochastic gradient method (10).

Binocular Stereo vision Problem
The section is devoted to several possible formula-
tions of the problem of binocular stereo vision [10] 
and experimental checks of the described approach 
to unpaired learning.

1. Bayesian Recognition Problem
Bayesian recognition problem [11; 8] is finding 

such an answer d from the finite set DT of possible 
answers for the input signal x that for a given loss 
function : T Tw D K× � R is the solution of the op-
timization problem

          
: :

arg min ( , ) ( , ).
d T D d T D

d w d k p x k�

� �

� ��           (11)

If D = K and [ ]( , ) ,w d d d d� �= �  we have a prob-
lem [ ]

:: :

arg min ( , ) max ( , ).
d T Kd T K k T K

d p x k d k p x d�

�� �

� � � =�  

 To state a more relevant problem, consider a 
case D = K and

 	      [ ]( , ) .T T
t T

w d d d d
�

� �= ��                        (12)

The solution to the problem with such loss func-
tion requires the calculation of marginal distribu-
tions of labels for each pixel [12]

 [ ]
: :

arg min ( , ) t t
d T K k T K t T

d p x k d k�

� � �

� � = =� �

: :

arg max ( , )

t t

d T K t T k T K
k d

p x k
� � �

=

= �� �  		            (13)

: :

arg max ( , ).

t t

t
d T K k T K

k d

d p x k�

� �
=

� � �  

Finding marginal probabilities of labels k K�  for 
each pixel t T�  requires computation of  | | |T K�  
sums, each containing  | || |TK  numbers.

exp ( , )

( , ; ) .

exp ( , )

t

t

t t
t N

t t t

t
K t N

g k k

p k k t N g

g k

�
��

�

�
�� �

� �� �
� �
� �� �� � =

� �� �
� �
� �� �

�

� �
�

�
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The dataset contains real-valued labelings with 
an accuracy of 1/8 part of a pixel, so the values 
were rounded, which reduced the number of la-
bels in the set K to 21. The computation of pa-
rameters g was performed using 47 steps of the 
stochastic gradient method (10) with steps� lengths 

1 10
, 1, , 2.i ia i a i

i T i T
= = = �

� � 
For each iteration i of the gradient method, we 

used 100+i average values for applying the Monte 
Carlo method. We sampled w+h+10.i images of 
size w=500 by h=200 pixels to compute each ave-

rage value. The procedure took six hours for 47 ite-
rations. The result is �  34,54q � � .

Note that hundredths matter. Therefore, round-
ing to tenths was unacceptable. For example,  
�  34,63q � � , black images were generated (relative 
error of 100), and at �  34,63q � � 34,59, the results were 
almost perfect (relative error of 0,5%). Visualiza-
tion of some labelings is shown in Fig. 2. There are 
a lot of black pixels, which correspond to the label 
0. Since the form of the function g does not depend 
on the specific values of the neighboring labels, we 
are only interested in the amount of neighboring 
pixels that have different labels.

Fig. 3. Tsukuba Stereo pair from the dataset [14]

Fig. 2. Examples of generated labelings g



Using Gibbs Sampling to Estimate the Solution of the Unpaired Learning Problem

ISSN 2706-8145, Control systems and computers, 2023, � 3	 11

 We used the Tsukuba stereo pair (Fig. 3) to esti-
mate q. The number of labels is |K|=21, as for the 
evaluation of g. The parameter �  contains 64 ele-
ments. The computation of q was performed using 
88 steps of the stochastic gradient method (10) with 

steps� lengths 
10

,
( 1) /10 1

ia
i

=
� +� �� �

 i +� N .

For each iteration of the gradient method, the 
Gibbs sampler has generated ( )/ 2w h i+ +� �� �  ima-
ges of size w=384 by h=288 pixels to obtain 100+i 
average values for applying the Monte Carlo met-
hod.

The first iteration took 102 seconds and gener-
ated a black image, the second lasted 177 seconds 

Fig. 4. Second iteration: outlines of some objects are visible

Fig. 5. Third iteration: objects are much cleaner

Fig. 6. Iteration 89: the disparity map is ready except for a few segments








